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FLUCTUATIONS ABOUT HYDRODYNAMIC NONEQUILIBRIUM STEADY STATES *
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Using anextensionof theLangevinmethod,we calculatethefluctuationsof a fluid abouta stationarystateheldaway
from global thermalequilibriumby a temperaturegradientor shearflow. In the formercase,the Brillouin peaksin the light
scatteringspectrumacquireanasymmetrythat is qualitatively similar to earlierresultsbut different in detail.

Fluctuationsaboutnonequiibriumstationarystatesare notas well understoodas fluctuationsaboutthermal
equilibriumstateswherethe fluctuation—dissipationtheoremandlinearresponsetheorycanbe usedeffectively.
Perhapsthe bestknownnonequilibriumfluctuationsare thosewhichleadto 1/f noise [1] (flicker noise).In this
problem,onemust treatboththeeffect of theappliedconstantvoltageto quadraticorderaswell asthe tempera-
ture gradientcausedby the Jouleheating [2] . A seeminglysimpler systemis a fluid subjectedto a smalluniform
temperaturegradientor shearflow. Here,therearegroundsfor believingthat the local valuesof hydrodynamic
variableswill characterizethesesystemscompletely.

Recentcalculations[3—5]havepredictedsomesmallbut qualitativelyunexpectedeffectsin staticallystressed
fluids that shouldbemeasurableby light scattering.We will showthat thesecanall be simply obtainedby a plaus-
ible extensionof the Langevinmethodthatwe havecheckedby actualmicroscopiccalculationson amodel system.
Our Langevincalculationhasthe additionalvirtue of demonstratingwhich of theusualequilibriumresults [6]
(Onsagerregressionhypothesis,Einsteinrelation,fluctuation—dissipationtheorem)persistin this particularnon-
equilibriumsituation.

On comparisonof our predictionsfor the light scatteringspectrumwith Roniset al. [4] we obtainto first
orderin the externalgradienta shift in theheight of the Brilouin peaksthat is twiceaslargeanda modificationto
the line shapethat falls off asw5 ratherthanw~3.Thesediscrepanciescanceloutwhenstatic correlationfunc-
tionsare computed.In particular,certainof thesefunctionsthat would vanishby time reversalsymmetryin equi-
librium herehavea finite valueanddependon the momentumtransferas 1/k2.

We will deriveour resultsin the contextof a generalset of hydrodynamicequationsfor modesAa, linearized
aboutthe nonequiibriumstationarystatein questionandacteduponby Langevinforces.We will thenspecialize
to theexampleof a fluid in a uniform temperaturegradientor shearflow. Let

aAa(k,t) d3k’

at 3 Maj
3(k,_k’)A~(k’)=9~,(k,t). (1)

(2ir)
The Langevinforce, 9~(k,t), shouldbewritten asthe gradientof asecondfunctionwherenecessaryto preserve
theconservationlaws.The Langevinforceis conventionallyinterpretedasa modelof molecularchaossoit is rea-
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sonableto expectthat it will remainuncorrelatedat unequaltimesor pointsin the nonequilibriumstateswe are
considering.We will furtherassumethat themagnitudeof its correlationfunction hasthe sameform as in equilib-
rium [7] with localvaluesof the temperatureandtransportcoefficients[8].

In a temperaturegradient,Ma~becomesoff-diagonalin k becausetransportcoefficientsandthermodynamic
derivativesacquirea spatialdependence.Therelativeimportanceof suchtermsis potentiallyof the orderof their
logarithmictemperaturederivativewhichin realmaterialscanbelarge.We havefound,however,by explicit cal-
culationin onelimit of physical importancethatthe direct modificationofM~by thetemperaturegradientcan-
celsfrom the fmal answer.Hencewe will assumeM~diagonalin k althoughthe formulaebelowcanbegeneralized.

Using eq.(1)and theaboveassumptionsaboutthe Langevinforceswe fmd, (in matrixnotation)

(A(k, t)A*(k?, O)>= 0(t)exp[—M(k)t] (A(k,O)A*(k~,O))+0(_t)<A(k,O)A*(kl,O))exp[M~(k’)t] , (2)

where0(t) equalsone for t >0 andzero for t <0 and

(A(k,0)A*(kP,O)>m f dtexp[M(k)t] D(k,k’)exp[M~(k’)t] , (3)

~ t’). (4)

Eq. (4)canbe evaluatedfrom our assumptionsconcerningthe Langevinforces. The equal time correlationfunc-
tionsmay beobtainedfrom eq.(3) or equivalentlyfrom

D(k,k’)= [M(k)(A(k,O)A*(kI,O))÷<A(k,0)A*(k~,O)>M+(k?)] (5)

Note that in general these equations are not diagonal in momentumspace, even when M is. The ensemble im-
plicit in the Langevinequation is stationary but in general not time reversal invariant. Eq. (2) is the generalization
of the Onsagerregressionhypothesis[6] andeq.(5) the generalizationof Einstein’srelation [6] - Notethat these
relationsfollow from the Langevinformalismandour assumptionsabovewithout furtherapproximations.Let

~ k’)mf dte~t(Aa(k, t)A(k’,O)>, x~(k, k’)~(Aa(k,O)A~(k’,O)),

then,usingeq.(2) we find,

Xw(k,k’) = (—iwl + M(k))’ ~(k,k’) + x(k,k’)(iwl + M~(k’)Y’ , (6)

where I is the identity matrix. Eqs. (5) and (6) also give,

x°’(k,k’) = (—iwl + M(k))’D(k, k’) (iwl + M~(k’))’ . (7)

This resultmayalso be obtaineddirectly from eqs.(1) and (4). In equilibrium, eq. (6)reducesto a versionof the
fluctuation—dissipationtheoremwhich expressesthefluctuationsasthe imaginarypart of aresponsefunction.

Wenow specializeto a fluid in auniform temperaturegradient.In orderto displaythemodificationsto the
Brfflouin spectrumas simply aspossible,we will retainin thehydrodynamicdescriptiononly the densityandthe
longitudinalvelocity.This is correctto leadingorderin thetemperaturegradientwhen(~V/aT)~= 0. Writing the
massdensityp,in termsof the pressurep,the linearizedhydrodynamicequations(1) become[7],

ap/at=—ipc2k•u, ak.u/at=—i(k2/p)p— [(~+4’q/3)/p]k2(k.u)+(i/p)kSk, (8)

where c is the sound velocity, ~ the bulk and s~the shearviscosities.Thereis no Langevinforce associatedwith the
pressureequatio1~while Sin the velocity equation is the fluctuating stress tensor. From ref. [7] and our assump-
tionswe have,
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(S~1(r1,ti)Sim(r2, t2)> =

2T(ri)[ri(6jit5im + 6im~ + (~— 2fl/3)~ij~5lm]~ — r
2)~(t1 — t2) (9)

with Boltzmann’s constant kB = 1.
It is convenientto assume,

T(r) = T0 + ~T sin(q r), (10)

whichreducesto a lineartemperaturegradientis the scatteringvolumeis restrictedto In ~ q~.Usingeqs.(7)

—(9) we cancomputethecorrelationfunction,

x~(k’, k”) = f dt e~wt(p(k’,t)p* (k”, 0)) = c2T(k—k)[2~(k k” )2 + (~—2~/3)k’
2k”2] (11)

(w — c k + iwD
1k )(w — c k — i~,D1k )

whereD1 (~+ 4~~/3)/p.The light scatteringfrom a volume~k
3 of fluid at a frequencyin theneighborhood

of the Brillouin peaksis proportionalto anaverageof eq.(11)over k’ andk” with a weight functionof bandwidth
5kcenteredaroundk’ andk” equalk. Since thelasermustbe focusedon a spotsmallcomparedto the external
gradient,Sk~<q1. WhenT(k’ — k”) is computedfrom eq.(10),the averageweightsequallyk’ = k ±q/2 and

= k; q/2. If (ak/k) ~ 1, theremainingaverageoverthebandwidth~k maybeneglected.The measuredspec-
trumis thendeterminedfrom eq.(11)by adding togetherthethreetermsobtainedwith k’ = k ±q/2,k” = k
~ q/2 andk’ = k” = k. If furthermorecq/D

1k
2 ~ 1, we canexpandto first orderin q. Themeasuredspectrumis

thus,

x~= (c2pT)c2k22D
1k

2/[(w2 — c2k2)2+ (wD
1k

2)2] + (12)

6x,, =_(c2pT)c2k2{4w2(wD
1k

2)/[(w2 — c2k2)2 + (wD
1k

2)2]2} (D
1k(Vln T)r0) (13)

~D1k
2 ~D

1k
2 r 2(~D

1k
2)2 ~1

X~~P(w — ck)2 + (~D
1k

2)2 — (w + ck)2 + (~D
1k

2)2 L (w2 — c2k2)2+ (wD
1k

2)2 ]~ (14)

where,

~ =x,,~m_(c2/D
1k

2)[kVT(r
0)/k] , (15)

is thestaticpressure,longitudinalvelocity correlationfunction.It maybeobtainedfrom eq.(5) or by usingthe
equationof continuityandperforminga frequencyintegralovereqs.(12), (13).

Comparingeqs.(12)—(14)with the resultsof Roniset al. we find theasymmetricshift in the Brfflouin peaks
at = ck to betwice aslargeastheirs.Its dependenceon k

2 is the same,however,as is the staticcorrelation
function (15)* 1• Thus,our line shapesmustalso disagreesincethe sameintegraloverx~canbedoneto ex-
tract xc,,- Ronis et al. find a similar to eq.(14)butwith the termin thesecondbracketreplacedby unity
andD

1 replacedby 21~,the soundattenuationconstantwhentheenergymodeis couyledto themodes ineq.(8).
Thecondition(aV/aT)~= 0 is satisfiedby waternear4°C,wherehowever,(am c

2/81nT) = 1.8 and(alnD,/
am T) = —8.7. Wehaveshownexplicitly that the modificationsintroducedin Ma,

3 by thedependenceof c
2

andD
1 ontemperaturedo not influence to first orderin thetemperaturegradient.Sincethe resultof

Kirkpatrick et al. [5] for a fluid ina temperaturegradientdoesinvolve the parameteralnD1/a in T, it shouldbe
easyto experimentallycheckwhich theoryis correct.

Webelievethat theremainingdisagreementbetweenour resultsandthoseof Roniset al. canbetracedto the
latter’streatmentof “non-locality” corrections.If. eq. (5) is solved for thestaticcorrelationfunctionsandthe
result usedineq.(6) to computethe frequencydependentfunctions,we seethatcontributionsof order VT come
not onlyfrom thestatic correlations,~ (asin ref. [4]) but also from the q dependenceof thematricesMa,3(k
±q/2) andM~~(kR q/2).

*1 Note thatthesign of thatcorrelationfunctionin ref. [31differs from our resultandthatof refs. [4] and [51.
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We havealso studiedthe problemof a fluid in a shear [10]. In this case,the matrix D is diagonalin Fourier
spacebutthe matrix M differs from the equilibriumone.To linear orderin theshear,the lattermatrix canbe
takenasdiagonalin k. Again,we find thesamestatic correlationfunctionsasthoseof Machtaet al. [9] butour
spectrumhasa different frequencydependenceand theamplitudesat w = ±I ckI againdiffer by a factorof 2.

It maybeaskedwhetherour applicationof Langevinequationsto nonequilibriumstationarystatesis in fact
equivalentto postulatinga modified matrix andif socanour resultsbe confirmedby a microscopiccalculation.To
addressthesequestionssimply, we havereturnedto a systemof electronsscatteringoff impuritiesstudiedearlier
by one of the authors[2] . The local density,n, satisfiesa lineardiffusion equationthatcaneasilybestudiedin a
temperaturegradientthroughthe Langevinformalism.

Microscopically,we postulatedthe weight function,

(16)

= exp[_iw — fdr ~3(r) ~ (r)] , (17)

where ~ (r) is the local energydensity,f3 = l/T andH is the hamiltonianof the system(includingthe chemicalpo-
tential).Usingthetechniquesof ref. [2] we calculated,

(n(k,0)n(k’,t))=O(t) lim Tr[~n(k,e)n(k’,t+e)] +0(—t) lim Tr[~.Pn(k,—t+e)n(k’,e)] , (18)

wherethetraceis overa completeset andwheree shouldbe muchlargerthana microscopiccollision time (to es-
tablishthe dissipativeflows) but muchsmallerthantheenergydiffusion time [to maintainthe local temperature
constraint].Notethat theorigin of time in eq.(18)isarbitrary.It canalsobe shownthat to first orderin ~(3and
for one-timeobservables,eq.(18)reducesto thelinear responseformulaeof KadanoffandMartin [10] - Eq.(18)
alsoreducesto formulaeverysimilar to thoseof Roniset al. [4] in the generalcase.

Both themicroscopicandphenomenologicalcalculationsyield, (following theapproximationsthat leadto eq.
(12)),

= ~2Dk2/[w~ +(Dk2)2] — x{4wDk2/[w2 + (Dk2)2]2}Dk .(Vln T)r
0, (19)

wherex isa constantandD a diffusion constant.Note thesimilarity to eqs.(12), (13). Thiscorrectionis also non-
lorentzian,lending some support to our prediction for the fluid. In the above model, the diffusion constant is tem-
peratureindependent.

Noteaddedin proof After submittingthis paper,we receiveda preprintfromDr. J.R.Dorfman,where
Kirkpatrick, Cohenandhim derivedindependentlyfromus a newpredictionfor the light scatteringspectrum
which agreeswith our results.

Weshouldlike to thankDrs.I. Oppenheim,D. Ronisand I. Procacciafor discussionsandcorrespondenceat the
earlystagesof this work andalso for sendingus preprintsof their papers.We shouldlike to thankAndrei
Ruckensteinfor valuablediscussions.M.R. Arai would like to acknowledgethesupportof anNSFpredoctoral
scholarship.
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