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The short-wavelength surface contributions to the magnetic relaxation times (T, and T,) are
calculated for a dilute H| gas, in the classical, low-temperature regime. Both surface rates are
highly anisotropic with respect to the direction of the stabilizing field. Of experimental interest
is the potentially long T, in samples with most of the surface area oriented perpendicular to the

stabilizing field.

Ever since the recent stabilization of spin-polarized
hydrogen (H|),! much effort has been directed to-
wards achieving the large densities and low tempera-
tures required to observe Bose-Einstein condensation.
The major obstacle facing the experimentalist is that
even under the most ideal, yet realizable conditions
(temperatures T < 50 mK, a large magnetic field
Hy~ 100 kG, and superfluid “He-coated container
walls), H| is unstable with respect to recombination
of the hydrogen atoms into molecules.

At cryogenic temperatures only the lowest two
hyperfine states of H| (denoted by |a) and |b),
respectively) are thermally populated. In this regime
a sample of H| decays predominantly through binary
collisions on the *He surface that involve at least one
atom in the lowest hyperfine state (state |a )).2 This
process does not completely exhaust the |5 ) state
population and thus the lifetime of a sample of H| is
limited by the relaxation time between the two hyper-
fine states |a ) and |5 ), denoted by T,.}

In planning future experiments on H| it then be-
comes important to understand in some detail the
mechanisms responsible for T relaxation. In this
Communication we identify these mechanisms and
present analytical calculations which should clarify
the dependence of 71! on the relevant experimental
parameters. The rate for a bulk sample, denoted by
Ti2, has already been discussed in Refs. 3 and 4.
Here we emphasize the calculation of the surface
contribution 773, which we expect to be important at
the lowest temperatures. In what follows, recombina-
tion is ignored, and for the present the system is as-
sumed to be close to thermal equilibrium.

The T, relaxation time is the decay time for a
small departure of the component of the magnetiza-
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tion along the stabilizing field (or equivalently of the
relative population of |a) and |b)) from its equili-
brium value. (Hereafter, the stabilizing field is taken
to point in the z direction.) To arrive at a quantita-
tive expression for T, we consider the linear
response of the system to a field 84 = 8M,/X, gen-
erated by a slow homogeneous fluctuation M, in the
total z magnetization M,, where X, = (dM,/8h ) is
the static magnetic susceptibility. This leads, after
standard manipulations, to the Kubo-like formula

Ti-l____[ ﬁ

% f_:dt([H.Mz][H(t),M,(t)]).

0y

The thermal average indicated by ( ) is performed
in the macrocanonical ensemble, H is the Hamiltoni-
an of the system, and 8=1/kzT.

The derivation of (1) assumes that the torque-
torque correlation function decays on a time scale
whose magnitude is set by the thermalization time of
the translational degrees of freedom, which is fast
compared to T;. Subject to the restrictions noted
above, formula (1) applies at all temperatures, in the
normal as well as superfluid regimes, and includes
both kinetic (short-wavelength) and hydrodynamic
(long-wavelength) contributions to the rate. Finally,
(1) takes into account both bulk and surface relaxa-
tion processes.

At the temperatures and densities of interest a col-
lection of H| atoms behaves like a gas of spin-% bo-
sons, i.e., bosons with two internal states. In this re-
gime calculations are most conveniently done in
terms of two bose operators ¢ (r) and y; (r) which
create H| atoms in the |a) and |b) states, respec-

6031 ©1982 The American Physical Society



6032 RAPID COMMUNICATIONS 25

tively. The z component of the magnetization M, is
then written as u,[pa(T) —pp(T) ] —pep(T),
where pgp( F) =g 7)Y, ( T) are the number
densities of the two species; p( T) =p,(F) +ps( T)
is the total number density; finally, u,=pu,— u,,
where u, and u. are the magnetic moments of the
proton and electron, respectively, and € (~2 x 1073
in a magnetic field of 100 kG) is the admixture of
the “‘wrong”’ electronic spin (i.e., spin up) in the |a)
state. The largest contribution to the correlation
function in (1) comes from the dipolar interaction
between the electron on one atom and the proton on
another.* In terms of Y, and y;, the corresponding
term in the Hamiltonian can be written as

Hap=3pens [ a7 [T 9] (F)0p(F)
xp(F)VF(F'= ") +He.

0}

Here H.c. stands for ‘‘“Hermitian conjugate,” u,=pu,
+ €pe, and F(T) =~8xw/15Y,(#)/| T|?, where Yy is
the / =2, m =1 spherical harmonic.

At low densities the correlation function in (1) can
be evaluated analytically by standard techniques. In a
T process the typical energy of a H| atom is of the
order H,/2 (H,=Zeeman energy ~ 50 mK) which is
appreciably higher than the triplet potential energy
(< 5 mK/particle). Thus the atoms can be regarded
as free until the density becomes so high that hydro-
dynamic and mode-coupling arguments are required
to evaluate (1). The main effect of the triplet in-
teraction (with one exception to be discussed below)
is to cut off the pair correlation function whenever
any two particles come closer together than a hard-
core diameter, o ~ 3.76 A. This we put in by hand
in our calculation by introducing suitable short-
distance cutoffs in the spacial integrations. However,
for the bulk contribution at temperatures well below

our results to be independent of o. The surface rate,
on the other hand, depends only weakly on ¢ in a
way which involves the details of the one-atom
bound-state wave function.

To treat explicitly surface relaxation processes we
write the many-body wave function as a linear super-
position of product states of (the complete set of)
one-particle wave functions ¢,(£)e'* 7,
=0,1,2,.... Here ¢ and p denote coordinates mea-
sured perpendicular and parallel to one of the sur-
faces of the container, respectively. Only ¢o(¢) is lo-
calized on the surface with binding energy E; of or-
der 1 K. Consider an ‘‘ideal’’ two-dimensional gas of
H| atoms of surface density ns(< 10" atoms/cm?),
in which all atoms are restricted to a =0 states. In
the classical regime (defined by nsA# << 1), the ex-
plicit evaluation of the correlation function in (1) to
second order in H 4, gives

T ()= % (nsplulmw¥/r3)
x[sin2(2Q)F(B,H,;, o;E})

+5in?Q (1 +cos?Q ) F,(B,H,, 0;Ep) ] ,
3)

where Q is the angle between the direction of the
stabilizing field and the normal to the surface. In
general F, and F, are complicated functions of their
arguments and depend in an intricate way on the de-
tails of the bound-state wave functions (symbolized
by E;). In the limit

(BEY2m a?)2 > (BE,)V? >> 1

the expressions for F; and F, simplify considerably.
For arbitrary BH, we find

F\(B,H,, 0;Ey) =F () cosh(BH,/2) exp(— BH,/2)

1.7 K [~#%(2ma?kg)], where the thermal de Bro- @)
glie wavelength A1 becomes larger than o, we expect and
J
Fy(B.H;, 01Ey) = (5 (mH,/k)exp(— BH,/2) (1+2/BH,)
+ (BmH}/36r*w) [3K§ (BH,/4) — K { (BH./4) 1}cosh(BH./2) . 5)

Here K, and K are modified Bessel functions of
zeroth and first order, respectively. The form factor
F (o) is given by

F(o)= [ ae [ag1oo)2o0(e)1? )
o’ ()
"G

I
and comes from averaging the three-dimensional di-
polar interaction over ¢o(¢). For H|, (4) and (5)
are valid in the low-temperature regime (7 < 50 mK
for H| on “He) where the inequality (8E,)Y?>> 1
is well satisfied. In particular, in the limit BH,; >> 1,
Fi=F(a)/2 and F,=mH,/9%>

In the high-temperature regime, SO mK < 7 < 1.7
K, (BE,) " is sufficiently close to unity so that an
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analytic or perturbative treatment of F; and F, is not feasible and some five-dimensional intergrals remain to be
evaluated numerically. To crudely estimate the rate, we assume that the integration. over bound-state wave
functions singles out a scale & ~ (£%/2mE, )2 for the relative coordinate £, — &, for two atoms. For BH, << 1, Eq.

(3) then becomes

TH(Q,8H, << 1)~ %(nsuezu}mwz/ﬁ3)[sin2(2ﬂ)F(cr)fl(T) +%(m/ﬁ2[3)sin20(1 +cos2Q) fo(T)] . (D

In the temperature range 0.1 =< T <0.5 K, f; and f,
are only weakly temperature dependent; f, — 0.2 and
f2~0.04, and f, ~0.7 and f,~ 0.01 for H| ad-
sorbed on ‘He and *He (Ref. 5), respectively.® The
(inappropriate) high-temperature limit of (4) and (5)
would give f1=1 and f,=(1-2/7).

Note that T3 in (3) vanishes when the stabilizing
field is normal to the surface.” Under these condi-
tions the electronic moments are polarized perpendic-
ular and are restricted to move parallel to the surface.
This generates a fluctuating dipolar field perpendicu-

lar to the surface which cannot flip the spin of a
J

r
neighboring atom. In the real system, however, the
triplet interaction Hr induces virtual transitions
between ¢o(¢) and bulk states which break the sym-
metry of the surface state. This gives rise to the
transverse local-field fluctuations necessary for T, re-
laxation on the surface.

The largest contribution to T3 with the field per-
pendicular to the surface ( =0) is second order in
the triplet interaction Hr. This can be seen by writ-
ing the correlation function in (1) explicitly as a trace
over many-body eigenstates |m ) of the Hamiltonian
with energies E,,:

Ti# Ee—ﬂE"S(E,,—E,,,) fdrl fdrg fdrl, fer,F(rl—rz)F*(rl,-—r2,)
nm

x(nlwd(r) s (r)p(r) lm)(m IP(’z')"‘;(’l')‘l'a(’v) [n) . (8)

Imagine now doing perturbation theory in Hr so as to
mix the many-body surface states with bulk states.
Then to first order in Hr one of the matrix elements
in (8) (without loss of generality the first) involves
only surface atoms and must be proportional to
[o(£1) 12| 9o(£2) |2 For Q =0 the corresponding
F(T,— T3) in (2) is odd with respect to interchang-
ing ¢ and £,, and the over all £, and ¢, in (8) van-
ishes.

For a typical contribution to second order in Hy,
we find approximately

Ti#(Q =0) ~ (10*u2uinsm?/K5B) (nsa?)?
x (k¥/ma’E,)G (B,H,, o;Ep) , )

where the s-wave scattering length, a =0.73 A (Ref.
8), and all integrals over bound-state wave functions,
were crudely estimated in the way explained in the
paragraph preceding Eq. (7). Like F; and F, in (3)
the function G in (9) can only be calculated analyti-
cally for T << 50 mK where we find G = gH,/2. At
higher temperatures (0.1 < T < 0.5 K) our estimates
give G of order unity for H| adsorbed on both *He
and *He. This suggests that even for surface densi-
ties as high as ng ~ 10! atoms/cm?, T5(Q =0) is
10—100 times longer than the relaxation times for ar-
bitrarily oriented surfaces. Thus in order to study a
two-dimensional H]| gas, it is essential to orient most
of the available surface area perpendicular to the sta-
bilizing field.

In the classical regime (ngA} << 1 and ng\3
<< 1), the total relaxation rate of M, consists of two

1
contributions: a bulk rate T{#Ng/N, and a surface

rate TigNs/N. The total number of atoms is

N =Ng+ Ng, where N, Ng denote the total number
of bulk and surface atoms, respectively, and the ratio
Ns/Np is given by thermodynamics. The calculated
bulk rate>* agrees within a factor of 2 with the exper-
imental value reported recently by Cline et al.>1°
However, the deviation from the bulk rate, attributed
by the MIT group to pure surface relaxation, appears
to be two orders of magnitude larger than our esti-
mate for (Ns/N)Tid(Q =m/2). A more detailed ac-
count of the experimental situation is required before
this discrepancy can be resolved.

Direct comparison with experiment is meaningful
since it appears that our results are not restricted to
the linear-response regime. We have considered the
problem of the decay rate of a highly nonthermal
state with an inverted population. When heating ef-
fects were ignored we found that, to second order in
the dipolar interaction (2), M, relaxes exponetially on
a time scale identical with the one obtained near ther-
mal equilibrium. This somewhat surprising result can
be traced back to the fact that (2) generates local
fluctuating torques, dependent only on the total den-
sity (and not on the z magnetization of the state),
and which can flip only one spin at a time. Thus
after a time, long compared to the collision time, the
environment of any one spin is identical to that near
thermal equilibrium. The details of the calculation
will be presented elsewhere.

In the above discussion, the short-wavelength
nonhydrodynamic modes were found to dominate the
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relaxation process. Relaxation through collective
modes becomes important only when an atom under-
goes many collisions during one Larmour precession
(i.e., H,7/k << 1 where 7 is the collision time). At
the temperatures of interest, this condition requires
ns > 101 atoms/cm?, in qualitative agreement with
the calculations in Ref. 11. A similar order-of-
magnitude estimate gives 2 x 102° atoms/cm? as the
corresponding crossover density for a bulk sample.

Using the approach developed for T; we have also
calculated the transverse relaxation time 7',. In all
cases discussed above but one, we find that 7, is of
the same order of magnitude as 7,. The one excep-
tion is the surface contribution with the field perpen-
dicular to the surface in which case T34 is of the
same order of magnitude as the first term in (3)
(with, for example, Q =x/4). Thus at low tempera-
tures and for ng < 10! atoms/cm?, T15(Q =0) will
be much longer than T,5(Q =0). This configuration
therefore suggests one means by which to realize the
novel magnetic resonance effects proposed in Refs.
12 and 4, that are unique to Bose condensed spin-
polarized hydrogen.

Statt has independently calculated the surface T, in
the high-temperature regime (BH, << 1) (Ref. 7).
His rates are identical with ours in the limit of an in-
finite binding energy but are faster (by, at most, an
order of magnitude) for E, ~1 K. We expect that
the disagreement is due to the different approxima-
tions used in evaluating the integrals over bound-
state wave functions.
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