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For an n degreeof freedomhyperellipticseparablehamiltonian,thepoleserieswith n + I free constants,throughtheHamil-
ton—Jacobiequation,boundsthedegreesof then-polynomialsin involution. Whenall the poleserieshave no fewer than 2n
constants,thephasespaceis conjecturedto be justthedirectproductof 2n complexlinescutout by (2n— 1) integrals.

Exactlysolvableor integrablenonlinearsystemsare branchpoints in complex time guaranteethat the
exeptional;yet their studyhasrevealedunexpected local patchesof level set,which existfor any system
connectionsbetweengeometry,analysis,andstatis- of differential equations,combineto becomeglob-
tical mechanics[1]. Integrablesystemswere typi- ally definedintegrals?
cally discoveredby chanceor through techniques In this article we statea theoremwhich demon-
speciallytailoredto the particularproblem.Thereis stratesthat the singularityanalysisprovidesbounds
currently no way of determiningwhetherthe most on thedegreesof polynomialintegralsfor alargeclass
comprehensiveapproachto nonlinear integrable of separablesystems.We recastthe local singularity
equations, inverse scattering, will apply short of data in global geometricterms which providesan
actually implementingit. Thus a simple objective intuitive reasonfor why integrability follows from
analytictestis neededfor integrability. Painlevé.We formulatea conjecturewhich permits

Sucha procedurewas first used,without rigorous Liouville integrability [7] to bedistinguishedfrom
justification by Kowalevska[2] who observedthat a strongerform (m— 1 integralsform equations),by
all theknownintegrablesystems,whencontinuedto usingonly localinformation.
complextimes,wereanalyticexceptfor isolatedpoles. We restrict attention to discrete, autonomous,
Painlevéenumeratedall thedifferentialequationsof hamiltoniansystemswith the hamiltonianH poly-
secondorder whose moveablesingularities (i.e., nomial in the 2n conjugatevariables{q1, p}. Vir-
whose location dependson initial data)were only tually all theknownexamplesassumethisform once
poles [3]. More recently, it wasobservedthat sys- it is realizedthatanypolynomialdependenceontime
temssolvableby inversescatteringpossessedPain- maybeincorporatedby addinganewdegreeoffree-
levé’sproperty [4]. Yet, in spiteof the many other dom. The differential equationsdefine {q,, p1} for
integrablesystemsthat wereshown to be Painlevé complextimes. To implementthe Painlevétest,one
[5,6], thereis no firm argumentas to why the test constructsaformalLaurentseriessolution
worksoranindicationof howtoexploit thesingular-

q—t[l+... O(ct~°)]
tty analysisto yield the integrals.Stateddifferently,
why doesthe absenceof essentialsingularitiesand p, I ~[ 1 + ... O(ct~)]. (1)
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The {f, gj are the leadingexponents,and0 ( Ct
1’) tion separatesin newcanonicalvariables~ ~,)with

representsup to (2n— 1) freeconstantsthatenterthe theproperties:
seriesat generallydistinctresonanceordersp ? 0. We (a) {q

1} isa symmetricpolynomialfunction of {~,},
definea principalbalanceto bea series(1) with the (b) ,~is a polynomialin ~,of degreeL~ 2n + 1,
maximumnumber,2n — 1, offreeconstants(wesup- (c) thevaluesh, ofthen polynomial integralsH1(q,
pressan additionalconstantt~,the origin of time). p) occurasthe coefficientsof~in ~2 ofdegree<L/2.
Thelower balancesare those with fewer constants
which we orderby the numberpresent.Fora Pain- Remark.Since the methodof separationprovides
levésystem,J~,g1, andp1 areall integersandtheremust n integralsin involution,a h.s.systemmaybeshown
beat leastoneprincipalbalance. to satisfythe Arnold—Liouville theoremt2 Thelevel

Rewritethecanonicaltwo-formw
2= ~dp~A dq, in setin {q

1, p,} definedby fixing {H1} istopologicallya
termsof the constantsat a principalbalanceby sub- complexn-torusandthe flows are quasiperiodicon
stituting (1). Only a finite numberof termsin the it. The “angle” coordinateson the torus aredefined
seriesareinvolvedsincew

2 is timeindependent.The by the Abel map t,= ÔS/ôh
1 where the action

constantsmayberedefinedandpartitionedinto two S=~ [10]. On a level set of the polynomial
groups{to, c~},{h, ë~,},wherej=1,2,..., n— 1 andh is 12(e) definesa hyperellipticcurvey. Thejacobianof
the energy,suchthat the former (resp.latter) first the Abel map is nonzerowhen (c,, ~,)~(~,n~,)for
enterstheq (resp.p) serieswitha non-positive(resp. all i~j.JacobishowedthattheAbelmapis 1: 1 away
non-negative)poweroft andin addition, from this locus [11]. Thus the level set is biholo-

- morphictothenthsymmetricproductof y with itself,

w
2=dt

0Adh+ ~ dc1~dë~ y~,off ofa locus of codimensiontwo on the level
I set.

2n—2

+ ~ f’Ik(C)dCl A dt~k, (2) Examples.

(a) Fortheintegrable“Hénon—Heiles”model[5]
where1,k(0)=0and~={c,ë}.Notethatthisestab- ~ 2 2~ 2 3

A1_,~pI+p2J+qiq2+h.q2
lishesa conjugatepainngamongtheconstants.(One
mayalsoneedtointerchangeq3andpj.) Definea cor- separateswith
respondingvalueof p. (resp.~1)by the first correc- ~ =~~1~2,
tion term in the q ( resp.p) serieswherethe associ-

2 ixs 1LX2~ il
atedconstantappears.Then = — ~,,-i-~ri~ -i-g,~.,

p +j~=f~+g, (3) whereh andg representthe valuesof theintegralsH
and

for eachi andsome1(i) ~. In what follows we need 2 2 2 4G=4p1p2q1—4p1q2+4q1q2+q1
the technicalassumption

T1k~° which is true in all
exampleswe areawareof. (b) For generaln the higherstationarysolutions

Wefirst state (andproveelsewhere)our theorem in theKorteweg—deVrieshierarchyare separatedby
onseparablesystemsandthenturn toa moregeneral replacing{q

1} by the elementarysymmetricpolyno-
constructionwhich leadsto a conjectureas to the mialsin {~,}andtaking [12]
mechanismby which the Painlevépropertyforces
integrability,suitablydefined. ‘il ~“~‘ + ~ h1~”’ . (6)

Definition. Foran n degreeof freedomhyperellip- (For n=2, q1 ~I +~2, q2=~1~~2,H1 =

tic separableh.s.system,theHamilton—Jacobiequa- —

2P2PI+ 3q
2q~— — q~, and H2= 2p1p2q1+ q~p~

+p~—q2p~+q2q~+2q~q1.)Itwillbeobservedthat
The“proof” of Lochakis incorrectsinceit allowsno1-depen-
dencein (3) andfails to preciselydefinep and~ (otherwise ~2 A complementaryclassof integrablesystemshasbeenstudied
(6) for n = 2 is acounterexample.) geometricallyin ref. [9].
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the integrals,or their combinations,in a h.s.system Knowing thata problemis integrablein a certain
canalwaysbe orderedby wheretheyenter~ Thus way providesglobal information that permits fea-
in Hénon—Heiles,H is the first integral andG the turesof the integralsto be deducedfrom the local
second. informationprovidedby the poleseriesandexpan-

sionsof theHamilton—Jacobiequation.If, however,
Theorem.Fora h.s.system: only the Painlevépropertyis assumed,we are still
(a) The principal balancecorrespondsto ~ -+ ableto plausiblyconstructa manifoldon whichglobal

infinity, ~,> afreeconstantandall flows H1 give rise geometricmethodsmay be applied; which to date
tothe sameleadingexponents{J, g1}. haveresultedin the concludingconjecture.

(b) All lower balancesare presentdown to those The manifold M is 2n-complex-dimensionaland
with n freeconstants(excludingt0) which are per- augmentsthe original phasespace(2n copiesof the
forcejust functionsof theh,. complexplaneC) with the properties:(a) thediffer-

(c) Thereareat leastL —4 lowerbalancesin which ential equationsare defined everywhereon M by
all {q,, p} divergewith the same{f, g.}. polynomialhamiltonians,(b) w

2 is preservedand
(d) If {q

1, p,} are weightedwith the exponentsin extendstoM, and(c) solutionsexistfor all timeson
(c), then a perturbativeexpansionof the Hamil- M. Theusualexistenceanduniquenesstheoremsfor
ton—Jacobi equation for any H~(q,p) will yield differential equationsimply that distinct solutions
boundsontheweighteddegreesof all the {H1}. remaindistinct and that the time flow generatesan

analyticmap of M 1: 1 andonto itself. Apart from

Remark1. For the lowest hamiltonianonly, the its abstract mathematicalutility, the augmented
weighteddegreesof H1 (with respectto the lowest manifold is precisely the construct one needsto
balanceonH~)areboundedby just the Kowalevska numerically integrate Hamilton’s equations of
resonancesat the lowest balance. motion throughall the singularities.

Foreachbalance(1), weadda pieceofsurfaceto
Remark2. Property(a) canbe usedto determine

thedegreesof q(~)andformodestn the precisesep-
aratingvariable changecan usually be found by Inspiteof terminologicalsimilarities,ourresultshavelittle in
inspectionfrom thepole series. common with thework of Yoshida [13]. He shows that ifa

Statements(a), (b) areprovedby rewritingHam- homogeneouspolynomial integral exists, then its weighted
ilton’s equationsof motionfor the~variableson the degreeoccursas a resonancein somebalance.We claim that

level set definedby the integrals.Part (c) follows for ah.s. systemboundson theweighteddegreesof all integrals
canbe found (cf. remark I to our theorem).The weightswe

from a topologicalargumentbasedon Eulercharac- assigndonot in generalyield homogeneouspolynomials.Early
teristics and Jacobi’stheoremthat the level set is in Yoshida’sarguments(ref. [13], 2.8)it is incorrectlyassumed

essentiallybiholomorphicto y ~ The action in (~, that thescalingexponentswhich homogenizeH, becomethe
H) variablescanbe systematicallyexpandedusing {f, g,} in (1). This is true for H1 in a h.s, systembut not for

the weights implied by (c) andthen reexpandedin H,> wherethedesiredexponentsarefractional (e.g., for thesecond integral G=H2(q, p) in (5) the exponentsf=
termsof {q1}. From its form we canshow how to (—2/3,—2/3),g,=( — 1,—i) appearto balancethe t, equa-
organize the expansionof the Hamilton—Jacobi tionsandmakeH, homogeneous,but thereis no solutionfor

equationin q directlysoastoobtainthedegreesof h, thecorrespondingcoefficients).This “phantom” solution may

in ~2 andfrom themboundson theweighteddegrees be interpreted(cf. commentson ref. [14]) asthe lowest H~
balanceformally rewrittenin t2. It properly existsamongthe

ofH,(q,~o)~. solutionsto the Hamilton—Jacobiequationfor H, and fur-

nishesthedegreesof theotherH,. Thepairingestablishedby
Example.Forn=2 Korteweg—deVries, the lowest Yoshida(ref. [13], p. 376)obtainsonly for a resonanceasso-

balancefor H~isf = (2, 4), g1= (5,3) andtheKowa- ciatedwith a homogeneousintegral. It is only atthelowestbal-
levskaresonancesarep = (8, 10). ForH2,f = (4 3) ance that all resonancescorrespondto integrals, but their

conjugatesthenhavep~— 1 andexceptfor zo donot occuring,= (10, 6) andtheboundson the degreesof H1 are theseries.Our eqs.(2), (3) encompassall theresonancesata

(16,20). principalbalanceandarethebasisfor thecanonicalvariable
changeto theprincipal patchin M.
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C2” whosedimensionm is the numberof free con- the two lowest ones previously noted,both with
stantsexcludingt~.An open2n-dimensionalcoordi- f= (2,2) andp,= (6, 8).

nate patch is introducedto cover the new surface For the principalbalancewe addcoordinatesv
1,

whoseequation in local coordinatesbecomesjust v2,V3EC,andu, alsocomplex,butconfirmedto atube
0 = Ui = ... = U2n_m. Transition functionsrelatevan- aroundu = 0 which representsinfinity. The transi-
ables in the various coordinatepatcheswhen they tion functionsfor q, p(u, v) are rational in u and
overlap. They are constructedfrom a systematic polynomialin v. Theyarecompactlystatedin terms
expansionof theHamilton—Jacobiequationwhich is ofa generatingfunctionA(q, v2, v3) (q,=x, q2=

equivalentto truncatingthe Laurentseries(1) so as
to includeall theresonances.Onethenfinds that the A~y

5”2+ ~x2y”2 —~x4y312
evolutionequationsin a givenpatchmaythemselves — ~2 .~ -. 1/2 — — l/2 , (8)
havepoleswhich reproducethenext lowerbalances.

If oneis ableto build M, thenonehasproventhat wherep
1=8A/8q1,u=6A/8v3 andv, =&A/~v2.In the

all theformalseries(1) convergeandestablishedthe neighborhoodof u = 0, v1 tend to constantswhich
distribution of polesin complextime.Fortheseand approximatec1, c2 and h, while du/dt= 1 + 0(u

2).
reasonsmentionedbelow,we advocateour Hamil- Thetransitionfunctionsareinvertiblenearu = 0 and
ton—Jacobi method that leads to M as the most H( U, v) is polynomialandofcoursehasthe Painlevé
informativewayto restateandexploitthe localPain- property.The lowest balanceseriesin (q, p) also
levéanalysis. appearsasa pole in theprincipal patchaccordingto

Thesimplestillustrationofthe insightsto begained u ‘~‘t, v, I ‘, v
2 t~ v3 6 Thetransitionfunc-

by constructingM istheRiccatiequation[3] for w( I) tions for the lower balancepatcheswill be given
which is not hamiltonianor autonomous;however elsewhere.
M maybeconstructedby inspection.Let On geometricgrounds,G generatesananalyticflow

2 on the augmentedmanifold we constructedfor H,
dw/dt= ~ a,(t)w’(t) . (7) which passestransverselythroughthe hypersurface

= ° at infinity at almostall points.Thereforethe G flow

Observethat (7) hasa simplepolew ‘~ (1—t~) ‘, and hasthe sameprincipal balanceexponents{f, g.} as
thatunderthe variablechangeW= w ‘ (7) remains H. Thereare two typesof lowestbalance.In thefirst
polynomial. Weaddto all weC,the pointat infinity J= (2, 6) andg1=(5, 9) while the boundson the
w= 0 andusew= W - ‘to glueall complexw,~’0 back degreesofH and G are (18,24). At theotherbalance
ontotheoriginal phasespace.All propertiesofM are f,,2 = —2 andg12= 1 (i.e., theq tendto zero).
satisfied.In this specialcaseM is compact,so one If we invoke the separabilityof (4), thenthe sur-
canprovethat all dependenceof w( 12) on w( I,) is faceat infinity we mustaddto M to completethe
givenby a fractional lineartransformation[3]. flows on alevel set isnothingbuttheseparatingcurve

This last remarkis essentiallynothingbut a gen- (5). Theprincipalbalancepatchcoversall ofy except
eralization of Liouville’s theorem (analytic func- forafew pointswhich arecapturedby the lowestbal-
tions with algebraic growth at infinity are ances.Onecanalso verify that if the pole seriesfor
polynomials)appliedtoM. Furtherextensionsof this the principal balanceof H weresubstitutedinto G,
reasoningin the concludingparagraphsbelow pro- onewould obtainprecisely(5) with (~,,~)replaced
vide the fundamentalconnectionbetweencomplex by ~ c2/..,,,h). This providesus with another
timepropertiesandintegrability. rationalefor the pairingbetweenresonances,(3).

We next constructM for a simplified version of The projection of the G flow onto the curve at
theintegrableHénon—Heilesexample(4).Theprim- infinity isjust theevolutiononefinds by treating(5)
cipal balanceisf= (1, 2), g,= (2, 3). In additionto formally as a one degreeof freedomhamiltonian.
the energyh and t~,thereare two freeconstantsc1,2 Observethat under (5), (~,,~)blow up as (s ~
defined by q~=c,t’+~c~t+~c21

2+...which are s4”3) (orv~—~t’,v
2—~t

4andt—~s’~’asthe lowest
conjugatein the senseof (2). The resonancesare balanceis approachedfrom theprincipalpatch).The
P1 = 0, P2= 3, andPh= 6. Theonly otherbalancesare fractionalpowersthatarisefrom (5) alsosuggestan
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obvious way to explain the so-calledweak Painlevé Rand,andJ. Sethnafor helpful remarks.Theinte-
propertyof ref. [14]. Namelytakea Painlevésystem grals for KdV were provided by Flaschka. Our
with oneextradegreeof freedomandexpressoneof researchwassupportedby theDepartmentofEnergy
its otherintegralsasa functionof thepoleconstants. (Grant No. HDE-ACO2-83-ER), the National Sci-

So far, wehaveonly shownhow to testfor alge- enceFoundation(Grant Nos. DMR-83 14625 and
braicseparabilityby providingenoughinformation DMS-84 14092) and the Institute for Theoretical
to calculatethe integrals.This doesnot provethat Physicsin SantaBarbara.
algebraicintegralsexist for an arbitrarypolynomial
Painlevé system.In fact they do not. The correct
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